We describe the set of all finitely additive measures which attain also infinite values on a quantum logic of a Hubert space and which are expressible via the generalized Gleason-Lugovaja-Sherstnev formula. We prove that this set consists of those which are regular with respect to the set of all finite-dimensional subspaces. In addition, we show that this regularity does not entail the countable additivity, in general.
Introduction
One of the basic problems related to the propositional calculus approach to the foundations of quantum mechanics [2, 14] is the description of probability measures (called states in physical terminology) on the set of experimentally verifiable propositions regarding a physical system. The set of propositions form an orthomodular partially ordered set, where the order is induced by a relation of implication, and is called a quantum logic. In the more restrictive setting, a quantum logic is assumed to be a complete orthomodular lattice (see [18] ).
An important interpretation of a quantum logic is the set L(H) of all closed subspaces of a real or complex Hubert space H, which is an orthomodular complete lattice with respect to the set-theoretical inclusion and the natural orthocomplementation M i-> ML -{x e H : (x, y) = 0 for each y e M} . In this interpretation a finite countably additive measure is a map m : L(H) -► [0, oo) satisfying «î(V^i M) = Z¡íi m(Mj) for any sequence {M¡} of mutually orthogonal closed subspaces of H. The remarkable result of Gleason [9] states that all countably additive measures m on L(H), where H is separable and dim H ^ 2, are in a one-to-one correspondence with positive operators T of the trace class on H via where PM denotes the orthoprojector from H onto M. This formula has been generalized to nonseparable Hubert spaces whose dimension is a nonmeasurable cardinal by Eilers and Horst [8] , Drisch [3] , and by Maeda [15] for general H (see also [10] (here by ®aeA Ma we denote the join of a system of mutually orthogonal subspaces {Ma : a € A} of L(H) ), is said to be a finitely additive measure, (countably additive) measure, or completely additive measure, respectively, if (1.2) holds for any finite, countable or arbitrary index set A , correspondingly. Let n be a cardinal. We say that a finitely additive measure m is n -finite if there is a set / whose cardinal is n and a set of mutually orthogonal subspaces {Ma : a e 1} of H such that @a€A Ma = H and m(Ma) < oo for each a € /. In particular, if n = N0 , we say that m is a -finite.
The formula (1.1) has been extended to a -finite countably additive measures on L(H) by Lugovaja and Sherstnev [13] . To describe their result and the results of the present paper we shall use the following notations. By Tr(H) we mean the set of all trace operators on H. Let t : 3S(t) x 2(t) -> C be a (conjugate) bilinear form defined on a linear submanifold 3¡(t) of H (not necessarily dense or closed in H), called the domain of t. If t(x, y) = t(y, x) for all x, y e 3>(t), then t is said to be symmetric; if for a symmetric bilinear form t we have t(x, x) > 0 for all x e 3S(t), then t is said to be positive. For M e L(H), t o PM will denote the (conjugate) bilinear form with domain 31 (t o PM) = {x e H : PMx e 3¡(t)}, given by t o PM(x, y) = t(PMx, PMy), x, y € 31 (t o PM). If t o PM is induced by an operator T e Tr(H), that is, t o PM(x, y) = (Tx, y) for all x, y e H, then we shall write t o PM £ Tr(H), and we put tr t o PM = tr T. For a nonzero x in H, Px will denote the one-dimensional subspace of H generated by x.
Lugovaja and Sherstnev [13] proved that for any er-finite measure m on L(H) of a separable Hubert space H, with m(H) = oo , there exists a unique positive bilinear form t defined on a dense domain 3¡(t) such that
This result has been extended by the author [4] to any cr-finite <7-additive measure on L(H) of a Hubert space H whose dimension is a nonmeasurable cardinal ^ 2, and the formula (1.3) will be called the Gleason-LugovajaSherstnev formula, and measures which are expressible via (1.3) are called Gleason measures.
An important notion in measure theory is regularity which in some cases implies the a -additivity of finitely additive measures. In the present paper, we shall show that the set of all Gleason measures on L(H) coincides with the set of all ^(77)00-regular finitely additive measures on L(H) which can take infinite values. Moreover, they are in a one-to-one correspondence with positive bilinear forms with dense domains in H. Proof. The proof of the finite additivity of mt is similar to the one given in [ 12] for the case of a separable Hubert space, and to be self contained, we present it here as we shall need it in the second part.
Suppose that M = 0"=1 Mk, Mk e L(H), k = 1, ... , «, MkLM{ for k ^ i. We claim that We have proved that mt is a finitely additive measure. Since 3(f) = D(mt), we see that «?, has the L-S property. Now we show that mt is ¿P(H)oo-regular. Let M G L(//) and e > 0 be given. As in the first part of the (present) proof, we have three possible cases:
(i) M g 3(t). Then mt(M) = oo, and there is a unit vector x e M such that x £ 3(t).
Hence, mt(Px) = oo and Poo{mt(M), mt(Px)) < e .
(ii) M ç 3(f), to PM £ Tr(/7). Then 3(t o PM) = H and, consequently, 5Zi *(■*/ > •*!') = °° f°r any orthonormal basis {x¡ : i G /} of Af. Since «" -» «, for h",m e Roo, iff Poo(u", «) -• 0,we conclude that Poo(tnt(M), «îî(0"=1 PX;)) < e for sufficiently large « .
(iii) M C 3(t), toPM g Tr(H). Choose an orthonormal basis {x¡} in M. Then there exists an integer « such that p00(«zi(M), «J,(®"=1 P*,)) < e . □ Now we describe the set of all J0(//)oo-regular, finitely additive measures on L(H), when dim//^¿2. Note also that using the first part of the proof of Theorem 2.2, we may prove (see also [12] ) that for any finitely additive measure m having the L-S property on L(H), dim H ^ 2, there exists a unique bilinear form t with dense domain such that where A is an arbitrary finite subset of / containing ¿o. Then mt, defined by (2.2), is a cr-finite, 9a(//)«>-regular, finitely additive measure which is not cr-additive (since t(x¡, x¡) -0 for any i G /o ). The former example is a particular case of a so-called singular bilinear form. We recall that according to Simon [17] , for any positive bilinear form t there exists a unique pair of positive bilinear forms tr and ts such that In view of [11] and [5] , any measure mt on L(H) defined by (2.2) is only a ¿P(H)oo -regular, finitely additive measure which is not countably additive whenever t is singular. Moreover, mt defined via (2.2) is cr-additive iff (3.3) (t o pM)r e Tr(/7) implies toPMeTr(H), where (t o PM)r is the regular part of the closure toPM 0f t o PM (see [11, 
5]).
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We want to mention an interesting result of Lugovaja [12] , who proved that for any cr-finite, finitely additive measure m on L(H), dim H =No> there exists the largest cr-finite, completely additive measure mr which is majorized by m . This mr is determined by the closure Tr of tr from the Simon decomposition (3.2) via (2.2). But, in general, m is not decomposable as m = mr + ms with ms vanishing on all finite-dimensional subspaces, which is true for finite finitely additive measure [1, Proposition 2] .
We note that another type of regularity which implies the countable additivity is discussed in [16] . We note that for a finite, finitely additive measure having an infinite-dimensional support, the assertion of Proposition 4.1 is not true, in general, see [6] .
Problem. When a finitely additive measure with the L-S property on L(H), dim H t¿ 2, is necessarily completely additive ?
